We analyze hot-electron scatterings in metals within a first-principles approach based on density-functionaltheory band-structure calculations and on Green-function calculations within the GW approximation. Results for hot-electron lifetimes and the differential cross section of the underlying scattering process are presented for Al, Cu, Au, and Pd, and analyzed with emphasis on the differences and similarities with respect to the predictions of the homogeneous electron-gas model. The electron-gas results can nicely explain the scattering characteristics in aluminium, whereas in copper and gold a strong enhancement of the hot-electron lifetimes is found and attributed to d-band screening. Finally, in palladium d-band scatterings are responsible for a drastic modification of the scattering characteristics, which no longer can be explained by the homogeneous electrongas results.
I. INTRODUCTION
Over many decades the understanding of metals as prototypical many-particle systems has led to numerous theoretical efforts. Only many-body perturbation theory, which was originally developed in the field of quantum electrodynamics, finally allowed one to describe the basic characteristics of electron dynamics in metals within the normal state: [1] [2] [3] [4] [5] while electrons with excess energies slightly above the Fermi level can be approximately treated as independent particles with almost infinite lifetimes, states at higher energies become short lived because of Coulomb renormalizations which can be effectively described by electron-electron scatterings. Although the basic features of such hot-electron lifetimes can be already grasped from the solutions of the homogeneous electron-gas model, [1] [2] [3] [4] [5] for real metals the more complex band structure is expected to have a decisive influence. The advent of ab-initio techniques, e.g., densityfunctional theory, brought a new facet to modern solid-state research, as they allowed to calculate such decisive material properties within a true first-principles manner. Echenique and co-workers [6] [7] [8] [9] [10] [11] [12] were the first to derive within a combined first-principles band-structure and many-body perturbation theory framework the hot-electron lifetimes for real metals, and to demonstrate the importance of band-structure effects. Their work, based on the Green function formalism within the GW approximation, [13] [14] [15] revealed a substantial enhancement of hot-electron lifetimes in noble metals attributed to d-band screening, and lifetime anisotropies attributed to the genuine solid-state band structure. These findings were supported by other work, [16] [17] [18] [19] [20] which addressed in more detail effects associated to, e.g., energy or quasiparticle renormalizations.
An accurate knowledge of hot-electron lifetimes in metals is of paramount importance for the understanding of a variety of important physical and chemical phenomena, ranging from surface chemistry to the design of devices based on metal-semiconductor junctions. However, the experimental knowledge of hot-electron lifetimes due to electronelectron scatterings is still far from being complete. This somewhat surprising situation stems from the difficulties to extract from experiment. All available techniques, such as, e.g., transport, 21 photoemission, inverse photoemission, 22 two-photon photoemission, 23 and ballistic electron emission spectroscopy 24, 25 only provide indirect information of , which then has to be extracted by support of a sufficiently sophisticated theory. Each technique has its own advantages and disadvantages. For instance, Flores and co-workers 20, [25] [26] [27] [28] theoretically analyzed the role of hotelectron scatterings in ballistic electron emission spectroscopy and demonstrated the sensitivity of this technique for the extraction of accurate values in metals. In Ref. 20 hotelectron lifetimes of gold and palladium were obtained from experimental data, 29, 30 and shown to be in excellent agreement with the results of first-principles calculations. An assumption implicitly made in this work is that the hot electron loses in electron-electron scatterings a substantial fraction of its excess energy. Also in the analysis of other experimental techniques, such as two-photon photoemission, 23 the final state of the hot electron as well as that of the scattering partner has a decisive impact on the deconvolution procedure to extract . Quite generally, such details of the scattering process require a careful analysis of both, the hot-electron lifetimes and of the differential cross section of the scattering.
It is the purpose of this paper to analyze within a firstprinciples approach based on density-functional-theory bandstructure calculations and on many-body perturbation theory the lifetimes of hot electrons in metals and the differential cross sections of the underlying electron-electron scatterings. To our best knowledge, no corresponding analysis has hitherto been reported in the literature. In our theoretical approach we extend the framework presented in Ref. 20 , where we obtained hot-electron lifetimes from a GW approximation calculation of the quasiparticle lifetimes based on bandstructure results obtained within the local-density approximation and with a linearized-augmented-plane-wave (LAPW) basis. 31 Our paper has been organized as follows. In Sec. II we briefly describe our theoretical approach, and provide evidence that the GW self-energy can be interpreted in terms of a scattering process. Section III provides details of our computational scheme, and we present results for the hot-electron scatterings in aluminium, copper, gold, and palladium. More specifically, we investigate differences and similarities of our first-principles calculations with respect to the predictions of the homogeneous electron-gas model, and elucidate the role of d-band screening in copper and gold and of d-band scatterings in palladium. Finally, in Sec. IV we draw some conclusions.
II. THEORY
Band structure calculations based on density-functional theory provide us with the eigenenergies E n and functions n ͑r͒ characterizing the solid-state ground state. 32 Although not strictly justified, they are conveniently also interpreted as excited-state properties. For instance, one additional hot electron injected above the Fermi energy into a metal has the approximate energy E i and wave function i ͑r͒. The most obvious shortcoming of this interpretation is the lack of scatterings: because E i is entirely real, an electron placed in this state will stay there forever. On general physical grounds we expect that the hot electron will suffer scatterings with the electrons of the metal and hereby lose energy. Many-body perturbation theory is a convenient tool for the description of such scatterings. 4, 5 Within the framework of the celebrated GW approach, [13] [14] [15] to the lowest order of approximation the hot-electron lifetimes can be computed from the imaginary part of the GW self-energy according to [6] [7] [8] 16 ,33
Here, q is a wave vector within the first Brillouin zone, G and GЈ are reciprocal lattice wave vectors, E i is the energy of the initial state of the hot electron, the sum extends over all states f whose energies E f are above the Fermi energy and below E i , B if is the hot-electron overlap matrix element for a given wave vector [for details see Eq. (6)], and, finally, ⑀ is the dielectric function calculated within the usual randomphase approximation. Equation (1) accounts for the fact that a single-electron excitation is not a stationary state of the combined system hot electron plus electrons of the metal, and thus becomes attenuated through inelastic scatterings. It might betempting to interpret f as the final states of the scattering. This, however, is not directly backed by the GW approach itself which only allows for the calculation of the complex self-energy, whose imaginary part is closely related to −1 , but provides no clear answer regarding the meaning of the states f. Yet, the scattering-type interpretation of Eq. (1) in terms of initial and final scattering states is sound. To see that, we adopt a simple density-matrix description 34 instead of the more complicated framework of nonequilibrium Green functions. Let H 0 = ͚ k E k c k † c k be the Hamiltonian of singleparticle excitations, where c k is the fermionic field operator associated to the single-particle excitation k, and H 1 the Hamiltonian of those Coulomb couplings which are not included in the band-structure calculation and which will be treated by means of perturbation theory. Suppose that initially the system is in the state ͉i͘ = c i † ͉0͘ with ͉0͘ the metal ground state. What we shall do next is to introduce the projection operators P = ͉i͗͘i͉ and Q = 1 − P which project on state i and on the remainder, respectively, and to separate the Coulomb couplings into
where HЈ accounts for the Coulomb couplings between the hot electron i and the other electrons, and HЉ for the remainder. We have dropped the self-interaction term PH 1 P which is already included in H 0 . With this at hand, we can now approximately describe the scattering process by introducing an interaction representation according to H 0 + HЉ and treating the scattering within lowest order perturbation theory of HЈ, i.e., in the so-called Born approximation. We denote the density operator of the system with , whose time evolution is given by the Liouville von-Neumann equation 35, 36 ͑t͒ =−i͓HЈ͑t͒ , ͑t͔͒ subject to the initial condition 0 = ͉i͗͘i͉. Within this scheme,
describes the approximate time evolution of the density operator. 37 The term on the right-hand side has the intriguing structure that at time tЈ the hot electron and the metal electrons become correlated through HЈ͑tЈ͒, the correlated system propagates for a while [note that HЈ͑t͒ is given in the interaction representation according to H 0 and HЉ], and finally a back-action on the hot electron occurs at time t. Because of the finite interaction time the hot electron can exchange energy with the metal electrons. In evaluating the double commutator in Eq. (2) we describe the Coulomb coupling in the random-phase approximation [38] [39] [40] 
where nЈ͑r͒ describes those density fluctuations that affect particle i and n Љ͑rЈ͒ the remaining ones, and assume that the density fluctuations nЈ͑r͒ and n Љ͑rЈ͒ move independently of each other. As discussed in more detail in the Appendix, for the distribution function n i = ͗c i † c i ͘ we then obtain the Boltzmann-like equation of motion
This is the result we were seeking for. The first term in parentheses accounts for out scatterings which lead to a decrease of the population n i , where the Pauli-blocking term ͑1−n f ͒ asserts that the final state of the scattering is unoccupied. This loss of population of n i is accompanied by an increase of the population n f , i.e., in scatterings described by the second term. Thus, Eq. (4) describes a scattering-type process where population is transferred from the initial state i to the final state f. Comparison of Eqs.
(1) and (4) reveals that the GW self-energy can indeed be interpreted in terms of a scattering process. Finally, we introduce the differential cross section
which gives the probability that in the hot-electron scattering the energy is exchanged. Apparently, the total scattering rate must be given by the sum over all transition probabilities, i.e., i 
where the integral extends over the unit cell ⍀. The initial electron state is characterized by the band index n i and the wave vector k, and the final one by the band index n f and the wave vector k + q. This overlap matrix element describes how the hot electron couples to the charge fluctuations of the metal electrons. The propagation of the charge fluctuation is described by the inverse dielectric function, which, as shown in the Appendix, can be expressed through the densitydensity correlation function. Because the problem under consideration is homogeneous, in the propagation of a density fluctuation with wave vector q no fluctuations with different wave vectors can be induced. However, no corresponding conclusions apply for fluctuations with reciprocal lattice wave vectors G and GЈ which become coupled. This is a genuine solid-state effect absent in a homogeneous electron gas, and is known as the crystalline local-field effect (other local-field effects attributed to the Pauli and Coulomb hole 5, 42 exist, which will not be considered in this work). To estimate the importance of local-field effects, we shall find it convenient to compare the results obtained from Eq. (1) with those where local-field effects are neglected by setting G = GЈ. Within this approximation, we can invert the dielectric function and obtain
with = E i − E f the inelasticity of the scattering. Occasionally we shall replace the dielectric function in the denominator by the static dielectric function ⑀ G.G ͑q ,0͒, and shall refer to this approximation as a static one.
B. Electron gas
For an electron injected into a homogeneous electron gas with an excess energy E i close to the Fermi energy E F , the hot-electron lifetimes can be approximately computed according to 2, 6 −
where r s is the usual electron-gas parameter 2,4 defined for an electron density n through n =4r s 3 / 3, and the excess energy is supposed to be given in eV. The functional dependence of −1 on the excess energy can be easily understood from an analysis of the differential cross section P i ͑͒. For the homogeneous electron gas, P i ͑͒ can be obtained in a similar fashion to Eq. (5) from the integrand of Eq. (7) for constant overlap matrix elements. We next put forward a simple rea- (1) by including local field effects and dynamic screening. The inset shows the total scattering rate −1 . The symbols ϩ and ᭠ report the scattering rates which are obtained by neglecting local field effects and using a static approximation for the screening, respectively. The results clearly reveal a minor importance of local-field effects and dynamic screening, and support the electron-gas description of hot-electron scatterings in aluminium.
soning which allows one to grasp the essentials of Eq. (8) on qualitative grounds: owing to the small momentum dependence of the screened Coulomb matrix elements, for a given Ӷ E F the scattering rates are completely governed by the phase space Im ⑀͑͒ ϰ 4E F 2 of electrons inside the Fermi sea which can act as scattering partners for the hot electron. Thus,
is the approximate energy dependence of the hot-electron scattering rates-in accordance to Eq. (8) which is derived within a more detailed approach. In the following we shall explore the influence of band structure effects on the simple P i ͑͒ ϰ dependence expected from the electron-gas model.
III. RESULTS
In our calculations we start from band structure calculations based on density functional theory in the local-density approximation, 32 which are performed with a linearizedaugmented-plane-wave basis (LAPW) by use of the WIEN code. 31 For this LAPW basis the computation of the overlap matrix elements B if turned out to be the most timeconsuming part. To account for the localized d-band states in noble metals, within the atomic spheres an expansion of plane waves into spherical harmonics and spherical Bessel functions has to be performed by use of the Rayleigh expansion. 41 In our calculations we use an equidistant k mesh with typically 20ϫ 20ϫ 20 points and expand the dielectric matrix in a plane-wave basis set. 41 All pertinent parameters of our computational approach were chosen on the basis of careful convergence tests. 43 
A. Aluminium
Because of the free-electron-like dispersion (see Fig. 1 ) aluminium is expected to exhibit hot-electron lifetimes and scattering rates reminiscent of the homogeneous electron gas, with only moderate deviations due to band structure effects. 8, [44] [45] [46] [47] Figure 2 shows hot-electron lifetimes as computed from Eq. (1) for different initial states. One clearly observes the energy dependence ϰ ͑E i − E F ͒ −2 of hotelectron lifetimes, as expected on the basic grounds of Eq. (9) for the homogeneous electron gas. For an electron gas parameter r s = 2.07 representative for aluminium and an ex- cess energy of 1 eV we obtain from Eq. (8) a hot-electron lifetime of 42.7 fs-to be compared with the value of approximately 60-70 fs of our LAPW band structure calculations. This discrepancy has been discussed in the literature with some controversy. 7, 16 In the following we use the interpretation of Eq.
(1) as a scattering process where the hot electron is scattered from an initial to a final state. The differential cross section P i ͑͒ introduced in Eq. (5) gives the probability that in a hotelectron scattering the energy is exchanged. Figure 3 shows a density plot of P i ͑͒ as obtained by averaging over all initial states i of the Brillouin zone with energy E i and over all final states f with energy E f = E i − . Because E i − E F is the largest energy that can be exchanged in a scattering process, the differential cross section P i ͑͒ is nonzero only for Ͻ E i − E F . We observe that the differential cross section has an energy dependence according to P i ͑͒ ϰ , as expected from the electron-gas result (9) . This is seen even more clearly in the inset of Fig. 3 which reports the integrated transition probability ͐ 0 dЈP i ͑Ј͒ for all initial states i. For the electron gas, where the differential cross section P i ͑͒ of Eq. (9) does not depend on the initial state i (with exception of the above-mentioned energy cutoff Ͻ E i − E F ), this quantity exhibits a simple 2 dependence. Indeed, such behavior is clearly seen in Fig. 3 as well as in Fig. 4 , which reports the integrated differential cross section for five selected hot-electron energies E i , where again all curves lie almost perfectly on top of each other. In conclusion, our results demonstrate that the electron-gas model provides an excellent qualitative explanation of the hot-electron scattering characteristics in aluminium, and band structure effects are only responsible for moderate quantitative deviations.
B. Gold and copper
Things become considerably more complicated for the noble metals copper and gold. The band structure of these two materials depicted in Figs. 5 and 6 has a striking similarity: a few electron volt below the Fermi energy there is a huge density-of-states associated to d bands, and the states above the Fermi energy have strong sp and minor d characteristics. Figure 7 shows the hot-electron lifetimes as computed from Eq. trate on the excess energies E i − E F below approximately 4 eV. The hot-electron lifetimes show the expected ͑E i − E F ͒ 2 behavior. However, as compared to the electrongas results for gold (e.g., ϳ 17 fs for an excess energy of 1 eV) the hot-electron lifetimes in Fig. 7 are enhanced by a factor of almost 4, where similar conclusions apply for copper. 6, 7 This strong enhancement of hot-electron lifetimes is attributed in accordance to Campillo et al. 6, 7 to d-band screening, where the high d-band density of states below the Fermi energy results in efficient screening contributions. However, in contrast to the pseudopotential results presented by Campillo et al., 8 our all-electron results obtained within an LAPW basis exhibit only a small influence of local-field effects and static screening on the hot-electron lifetimes, as shown in the insets of Fig. 7 .
From the inspection of the band structure and density-ofstates plots of Figs. 5 and 6 one might expect that above an excess energy of approximately 2 eV an additional scattering channel opens for the hot electron, where the partner electrons are promoted from d bands below the Fermi energy to states above E F . This would result in an abrupt and strong decrease of i . Such behavior is clearly neither seen in Fig. 7 , nor in the differential cross sections shown in Fig. 8 where no substantial enhancement of P i ͑͒ at the onset of possible d-band scatterings is present. The reason is that for scatterings where the initial and final state of the scattering partner have different symmetries, i.e., d like versus sp like, the resulting overlap matrix elements are vanishingly small, and correspondingly the contributions to the hot-electron lifetimes become strongly suppressed. As compared to the results of aluminium, the integrated differential cross sections reported in the insets of Fig. 8 exhibit a stronger dependence on the initial state energies, as apparent from the broadening of the curves. This is due to the more complex band structure and the complicated interplay of the overlap matrix elements and the dynamic form factor in Eq. (5). Finally, in copper and gold a second band for initial hot-electron states opens above approximately 4 eV, i.e., at the L point shown in Figs. 5 and 6, within which the scattering characteristics is substantially different. To summarize, the hot-electron lifetimes in copper and gold exhibit the expected ͑E i − E F ͒ −2 dependence, and only the absolute values of hot-electron lifetimes are strongly altered with respect to the electron-gas result (8) because of d-band screening. 
C. Palladium
The band structure of palladium depicted in Fig. 9 is similar to those of copper and gold, with the important difference that the d bands cross the Fermi energy. As we shall discuss in the following, this opens the possibility for efficient d-band scatterings and results in a strong alteration of the lifetime characteristics, which no longer can be explained within the electron-gas model. Figure 10 reports the hotelectron lifetimes as computed from Eq. (1) for different initial energies. One clearly observes that i does not follow at all the ͑E i − E F ͒ −2 dependence predicted by the electron-gas model (with the exception of states very close to the Fermi level where the quadratic energy dependence of the self energy remains valid). Details of the scattering process are depicted in Fig. 11 which reports the differential cross section P i ͑͒ for different initial energies E i . P i ͑͒ is strongly enhanced for the largest transition energies = E i − E f where the hot electron is scattered to a final d-band state above E F . Indeed, the width of the region where P i ͑͒ is substantially enhanced directly corresponds to the narrow energy window of d-band states above E F depicted in Fig. 9 . To understand the details of the underlying scattering process, in Fig. 13 we plot the s, p, There exist other interesting effects associated to d-band transitions. First, in Fig. 10 one observes that for certain initial states the hot-electron lifetimes are strongly enhanced. A closer analysis reveals that these states are associated to high-symmetry k points of the Brillouin zone, e.g., the L or X point, where, as shown in Fig. 13 , the d-character becomes almost zero. Correspondingly, the scattering to the final d-band states is strongly suppressed and the hot-electron lifetime strongly enhanced. Further support for this interpretation is provided by the "plane-wave" (PW) 6 results shown in Fig. 10 , which are obtained by setting all overlap matrix elements B if in Eq. (1) equal to 1. The corresponding hotelectron lifetimes clearly exhibit a much smoother energy dependence, thus demonstrating the important role of the overlap matrix elements. A second effect associated to the d bands can be observed in the inset of Fig. 10 where the hot-electron scattering rate as a function of energy increases stepwise. A comparison of this figure with the carrier density-of-states depicted in Fig. 9 shows that the steps occur at those energies where the d-band density-of-states has peaks. This can be understood as follows. Since the energy exchanged in a scattering of the hot electron to a d-band state is approximately ϳ E i − E F , the scattering partner has to be scattered from a state with energy EЈ below the Fermi energy to a state with energy EЈ + above E F . Because of the high d-band density-of-states above E F , the partner electron will preferentially end up in a d-band state with an energy close to E F . Thus, EЈ + ϳ E F , and accordingly EЈ ϳ 2E F − E i is the initial energy of the partner electron. Since the differential cross section of the corresponding transition is proportional to the carrier density-of-states g͑EЈ͒ of partner electrons, the total cross section is a quite direct measure of ϳg͑2E F − E i ͒, and thus explains the strong correlation between i −1 and the carrier density-of-states below E F . We finally emphasize the large influence of local-field effects and dynamic screening on the hot-electron lifetimes, as depicted in the inset of Fig.  10 . This clearly shows that an accurate band structure description is indispensable for the calculation of hot-electron lifetimes.
IV. CONCLUSIONS
In conclusion, we have analyzed hot-electron scatterings in metals within a first-principles approach based on densityfunctional-theory band structure calculations and on Green function calculations within the GW approximation. It has been shown that the self-energy can be interpreted in terms of a scattering process, where the hot electron is scattered from an initial to a final state. For aluminium the homogeneous electron-gas model provides a good description of both the lifetimes and the differential cross section. In copper and gold, the large d-band density of states below the Fermi energy E F is responsible for a strong enhancement of hotelectron lifetimes. Finally, for palladium the d bands around E F lead to a drastic modification of the lifetimes and the scattering characteristics in comparison to the predictions of the homogeneous electron-gas model. Our results provide further support for the GW approximation scheme that has recently proven particularly successful in the first-principles description of excited-state properties in metals and semiconductors. In this work we have employed the most simple description scheme based on the G 0 W 0 and mass-shell approximations. More sophisticated schemes are expected to introduce moderate modifications without substantially changing the qualitative behavior. Future work should also address description schemes beyond GW to account for the enhanced correlation effects of localized d-band electrons in palladium.
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APPENDIX
In this appendix we present the details of deriving Eq. (4) within the density-matrix framework. Consider an operator A acting upon the hot-electron degrees of freedom solely, whose expectation value is given by ͗A͑t͒͘ =tr͓͑t͒A͑t͔͒. When we expand the double commutator in Eq. (2) and make use of the cyclic permutation under the trace we get
